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We analyze zero-temperature universal properties of the simplest Galilean-invariant model of
spinless low-dimensional fermions with short-range two-body interactions. In particular, it is shown
that after proper renormalization of the coupling constant, even the dilute system possesses rich
phase diagram that includes the superfluid state and the metastable ‘upper branch’ behavior.
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I. INTRODUCTION
The idea of contact interaction is the cornerstone con-
cept for understanding the quantum few-body physics.
It is particularly useful in the theoretical analysis of the
ultra-cold atomic gases, where diluteness of the system
provides two substantial simplifications: i) the two-body
interaction is the only important and ii) one can typi-
cally neglect effects of finiteness of the potential range.
Both of them are compactly realized by the δ-potential in
low dimensions (D < 2) and by the one-parameter s-wave
pseudo-potential [1] in D < 4, which, however, can model
the two-body interaction between bosons, or fermionic
atoms in different spin (hyperfine) states. The problem
of spinless fermions necessarily involves the momentum-
dependent (pseudo-) interaction [2–5] which in the most
simple case can be restricted to the inclusion of p-wave
channel. Recently, few- and many-body systems with the
p-wave-type interaction between particles have been ex-
tensively studied in 1D (see [6], for review). However, the
first attempts in this direction were stimulated by obser-
vation [7–11] that the Lieb-Liniger model in the limit of
strong inter-particle repulsion can be perturbatively de-
scribed in terms of spinless fermions with δ′′-interaction.
This ‘potential’ is too singular even for 1D and should
be properly treated by means of the tight-binding lat-
tice [12–14] or the effective field-theory [15] regulariza-
tion schemes. From practical point of view, the latter ap-
proach was shown to be extremely efficient for the deriva-
tion of the exact universal relations [16] and obtaining,
by means of the two-channel model, first few terms in
the high-momentum tail of the particle distribution [17].
The characteristic feature of the δ′′-pseudo-potential in
1D is its dependence on a single parameter with dimen-
sion of length, which is clearly impossible for realization
in all higher (integer) dimensions starting from 2D case
[18]. The only exception is a ‘window’ 1 ≤ D < 2. The
aim of the present study is to explore properties of spin-
less fermions with zero-range interactions in fractional
dimensions. At present, this model is of a little practical
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use but seems to be interesting from the methodologi-
cal point of view. Indeed, recalling an important aspect
of the Bose-Fermi mapping in 1D – the exact solvability
[19–24], where the only technical complication consists
in the incorporation of the renormalization procedure in
the Bethe ansatz (in other words how to construct the
pseudo-potential and the appropriate two-body scatter-
ing matrix), we, therefore, have a system that because of
the universal, far non-trivial phase diagram and the ex-
act solution in 1D limit, is well-suited for testing various
approximate approaches.
II. MODEL
We discuss the simplest model of interacting spinless
(spin-polarized) fermions. More specifically, we consider
a system with the following Euclidean action
S =
∫
dxψ∗{∂τ − ξ}ψ − g
∫
dx(∇ψ∗)ψ∗ψ∇ψ, (2.1)
where N particles with mass m each, are assumed to
be loaded in large volume LD (we are mostly interested
in 1 ≤ D < 2, but the extension to higher dimensions
is straightforward) with periodic boundary conditions
imposed. In (2.1) the shorthand notations x = (τ, r),∫
dx ≡ ∫ β
0
dτ
∫
LD
dr, ξ = − ~22m∇2 − µ are used, where β
and µ denote the inverse temperature and the chemical
potential of Fermi gas fixing its density n = N/LD, re-
spectively. The minimal two-body local interaction pre-
serving the Galilean invariance of the system is charac-
terized by a single (bare) coupling constant g. This type
of interaction is badly-defined in any spacial dimension
D, therefore by writing it down in action S we mean
the situation, when fermions interact via some ‘physical’
two-body potential, but its range 1/Λ is the smallest pa-
rameter with dimension of length. It is then believed that
such an effective theory (with g explicitly dependent on
Λ) properly describes properties of the system at energy
scales much smaller than ~2Λ2/m.
In order to figure out the coupling-constant renor-
malization, let us consider the two-body problem with
our potential (actually pseudo-potential). This can be
easily done by considering the two-particle vertex func-
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2tion T (P1, P2|P ′2, P ′1) [from now on capital letters denote
D + 1-momenta P = (νp,p) of particles] in the zero-
density (µ→ 0) limit. Summation of all particle-particle
diagrams (see Fig. 1) leads to the integral equation for
= + + + ...
FIG. 1: Diagrams contributing to vertex T0(P1, P2|P ′2, P ′1).
T0(P1, P2|P ′2, P ′1) = δP1+P2,P ′1+P ′2p12p′12t0(P1 +P2) (here
p12 = p1 − p2), which reduces to the algebraic one for
t0(P1 + P2), with the solution
t−10 (Q) = g
−1 +
1
LD
∑
p
2p2/D
2εp + εq/2− iωq , (2.2)
here εp = ~2p2/2m is the one-particle dispersion. The
above integral is infinite of course, but this divergence
can be cured by the dimensional regularization proce-
dure or by introducing the cutoff Λ for momentum in
addition to the ‘physical’ coupling constant g−1F = g
−1 +
1
LD
∑
p
p2
Dεp
. In terms of renormalized coupling gF , the
function t0(P1 + P2) contains all information about the
two-body scattering in vacuum. Particularly, for all posi-
tive gF s there is always one bound state εb = −~2/(ma2)
of size a, which can be related to the magnitude of cou-
pling constant
gF =
(4pi)D/2D/2
Γ(1−D/2)
~2aD
m
. (2.3)
For calculations of the scattering amplitude (actually,
the p-wave contribution, which is the only non-zero in
our case), we have to perform the analytical continua-
tion of T0(P1, P2|P ′2, P ′1) in the upper complex half-plane
and take its on-shell expression
fF ∝ k
2
g−1F − Γ(1−D/2)(4pi)D/2D/2 mk
D
~2 e
−ipiD/2
, (2.4)
where k is the modulus of transferred momentum. The
connection to the system of point-like bosons, i.e., the
Lieb-Liniger model can be naively tracked by consider-
ing the scattering of two Bose particles interacting via
potential gBδ(r). Below D = 2, this potential is well-
defined, and a very similar, to the one described above,
calculation procedure leads to the result (recall, this is
the s-wave channel)
fB ∝ 1
g−1B − Γ(1−D/2)(4pi)D/2 mk
D−2
~2 e
−ipiD/2
. (2.5)
Comparing fF and fB in 1D, we see that the denomina-
tors of these function are equal to each other if g1DF =
−2~4/(m2g1DB ) [7–11]. Therefore, at all couplings, the
scattering properties of the 1D model (2.1) are identical
to those for a system of bosons with δ-repulsion. Note
that such a correspondence is intrinsic only for 1D case
and does not hold for higher spacial dimensions at any
finite gB,F . When g
−1
B,F → 0, however, the functional
forms of two expressions are the same, hinting the equiva-
lence of the Bose gas with infinite point-like repulsion be-
tween particles and the system of spinless fermions with
short-ranged p-wave interaction at unitary. Although
this conclusion has been drawn here for all dimensions
D < 2, the general tendency may potentially realize in
higher Ds.
III. DILUTE LIMIT
The effects of low densities can be easily captured by
considering the two-body scattering processes (see Fig. 1)
in the presence of the Fermi surface. The latter, in prac-
tice, means that the fermionic propagators are supple-
mented by non-zero chemical potential. In this approxi-
mation, the equation for vertex T (P1, P2|P ′2, P ′1) is more
tricky nonetheless still tractable. The solution
T (P1, P2|S2, S1) = δP1+P2,S1+S2pi12sj12tij(P1 + P2),(3.6)
(where sums over repeating indices 1 ≤ i, j ≤ D are
understood) is determined by the symmetric matrix of
size D ×D with the following elements:
t−1ij (Q) =
δij
g
+
2
LD
∑
p
pipj
1− np+q/2 − np−q/2
ξp+q/2 + ξp−q/2 − iωq ,(3.7)
where np = Θ(pF − p) is the Fermi distribution at abso-
lute zero. We now see that because of the quantum-
statistical effects, the relative motion of two particles
is dependent on their center-of-mass momentum. But
when total momentum of colliding particles is zero, ma-
trix tij(Q)q=0 = δijt(iωq) is isotropic. It is instructive
to explore the role of finite densities in the fate of vac-
uum two-body states at positive gF s. Having calculated
real poles ε˜b of t(ω + i0) (see Fig. 2), we have found out
that the bound-state energy is strongly exhausted at fi-
nite n, and the region of existence of the two-body bound
states for positive gF s is always restricted by some max-
imal value of the dimensionless parameter pFa. At all
negative couplings (it is convenient to parametrize |gF |
for gF < 0 by length-scale a), contrarily, the Cooper
phenomenon is observed with characteristic dependence
of the energy gap ∆gap/2µ ∝ exp
{
− pi(pF a)−D2 sin(piD/2)
}
on the
coupling parameter in the limit pFa→ 0.
Before we proceed to the calculation of many-body
ground state energy, let us briefly summarize the phase
diagram of the considered system. The case of positive
gF s, which will be referred below as a ‘repulsive’ one, is
characterized by the presence of two-body vacuum bound
states, which, however, can disappear at finite densities of
the system. But the most important thing about ‘repul-
sive’ interaction is that it slightly increases the energy of
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FIG. 2: Two-body bound state energy (shifted on 2µ and
plotted in units of εb) at finite densities and zero center-of-
mass momentum.
two scattering particles. At negative couplings gF , there
are no vacuum bound states, but at any finite densities
the system is expected to be in the superfluid phase. The
latter fact is in agreement with the above-mentioned cor-
respondence between our 1D model and the system of
point-like bosons.
A. Normal phase
The simplest way to obtain energetics, in this case,
is to use the Fermi liquid analogy. Indeed, in the
renormalization-group sense, the p-wave interaction is
marginally relevant even in D < 2, therefore, the jump
in the particle distribution survives for all coupling
strengths and its position is the same for interacting and
non-interacting systems. This observation allows to ob-
tain chemical potential µ through the real part (after
analytical continuation in upper complex half-plane) of
the self-energy on the Fermi surface. The simplest cor-
rection to fermionic Green’s function can be calculated
by closing the loop around vertex (3.6)
Σ(P ) =
1
βLD
∑
S
T (P, S|S, P ) 1
iνs − ξs . (3.8)
Of course, the proper calculations with full vertex func-
tion (3.6) and (3.7) are complicated and, therefore, left
for future studies. Here we only restrict ourselves to the
most simple approximation, namely, to the replacement
T (P, S|S, P ) → T0(P, S|S, P ) and neglecting the chemi-
cal potential in the denominator of (3.8) after frequency
integration. The resulting formula
Σ(P )|iνp→ξp+i0 =
1
LD
∑
s
gF s
2np−s
1− gF|gF |
(
sa
2
)D
e−ipiD/2
−Θ(gF ) 1
LD
∑
s
2
D
gF s
2Θ(|εb| − 2εp−s/2)
1 +
(
sa
2
)2 , (3.9)
despite its simplicity, qualitatively correctly describes the
properties of the system and has a clear structure: the
first term comes from scattering states, while the second
one is density-independent and originates from the two-
body bound states. Being divided on energy εb it can be
treated as a fraction of atoms involved in the bound-state
formation. Setting p = pF in Eq. (3.9) and taking the
real part of it, we obtain (see Fig. 3) correction ∆µ to
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FIG. 3: Correction to chemical potential of the ‘upper branch’
repulsive Fermi gas (in units of µ0). Insert shows ∆µ/µ0 at
unitary (pF a→∞) versus spacial dimension D.
the chemical potential of interacting fermions. It should
be noted, that likewise 3D two-component fermions with
short-ranged repulsion [25, 26], only the so-called ‘upper
branch’ is of physical relevance. Indeed, lowering interac-
tion strength a→ 0, we observe that the second term of
energy enormously decreases (because εb → −∞ in this
limit). But if fermions are initially prepared as a non-
interacting gas and then the weak ‘repulsion’ is suddenly
switched on, the life-time of this metastable state is sup-
posed to be very large before the system will ‘fall down’ in
its true ground state. Figure 3 reveals the non-monotonic
dependence of the chemical-potential correction on pFa
in dimensions close to D = 1. In the unitary limit, the
behavior of ∆µ as a function of D is also quite unex-
pected, particularly, close to 2D the system of unitary
spinless fermions is unaffected by p-wave interaction. The
latter observation suggests the perturbative approach to
the problem of unitary spinless Fermi gas (and, following
our conjecture based on the comparison of scattering am-
4plitudes fF and fB , also unitary Bose gas with point-like
repulsion) in terms of small parameter  = 2−D.
At this point it is also interesting to consider the 1D
limit of formula (3.8). Particularly, it contains correct
information about properties of the system up to second
order in the formal series expansion in powers of gF
Σ(P ) =
1
LD
∑
s
gF (p− s)2ns − 2
L2D
∑
s,q
g2F (p− s,q)2
×
ns
(
1− nq−p+s2 − nq+p+s2
)
+ nq−p+s2 nq+p+s2
ξq−p+s2 + ξq+p+s2 − ξs − iνp
−P.V. ns
2εq − εp−s/2
}
+ . . . .(3.10)
Being calculated on the mass-shell iνp → ξp + i0 in 1D,
the real part of the above expression was found to be
amazingly simple
<Σ(P )|iνp→ξp+i0 =
gF p
3
F
pi
{
1
3
+
(
p
pF
)2}
+
3mg2F p
4
F
2pi2~2
{
2
3
+
(
p
pF
)2}
+O(g3F ), (3.11)
and making the formal replacement g1DF →
−2~4/(m2g1DB ) and using the Fermi-liquid pre-
scription after, we obtain the chemical potential
µ/µ0 = 1 − 163γ + 20γ2 + . . . [27] and the quasiparticle
effective mass m/m∗ = 1 − 4γ + 12γ2 + . . . [28] for the
Lieb-Liniger model in the large-γ (where γ = mgB/(~2n)
is the dimensionless coupling parameter) limit. There-
fore, even by using the incorrect (ideal-gas-like) Green’s
function, we can calculate the series expansion for ther-
modynamics of the point-like bosons. In fact, at negative
gF s the system possesses the superfluid behavior with
the characteristic energy gap in the excitation spectrum.
At small gF (large γ), however, the effects of the gap
on thermodynamics of the system are exponentially
suppressed.
B. Superfluid phase
It is more convenient to discuss the attractive interac-
tion with the transformed action instead of (2.1). In-
troducing auxiliary complex D-component vector field
∆∗(x), ∆(x), one equivalently rewrites S in the following
way (it is assumed that g < 0)
S =
∫
dxψ∗{∂τ − ξ}ψ + g−1
∫
dx∆∗∆
−
∫
dx {i∆∗ψ∇ψ + c.c.} . (3.12)
Then, by utilizing the standard prescription [29] in our
case, we can separate the non-zero expectation value of
the field ∆(x) = ∆0 + δ∆(x) (note that
∫
drδ∆(x) = 0,
and only one component of the constant vector ∆0 is
not equal to zero identically). The physical meaning of
the order parameter is different for D = 1 and D 6= 1
cases. In 1D, ∆0 is the gap in the one-particle spec-
trum from the BCS side (µ < 0) of crossover, while in all
higher dimensions it is a parameter that governs the de-
gree of anisotropy of elementary excitations. Minimizing
the grand potential with respect to ∆0, we obtain the
gap equation
g−1∆0 − i
βLD
∫
dx〈ψ∇ψ〉 = 0, (3.13)
(here 〈. . .〉 denotes the statistical averaging with action
S) that should be supplemented with the equation for
the average density of fermions
n =
1
βLD
∫
dx〈ψ∗ψ〉. (3.14)
In the following, we will use the mean-field approxima-
tion when one does not take into account fluctuation
fields δ∆∗(x), δ∆(x). For the system under consider-
ation, this approximation gives only a qualitative picture
of its behavior because it totally neglects the normal self-
energy insertion. Fortunately, the simplest inclusion of
these terms in the fermionic propagator only shifts the
chemical potential and renormalizes quasiparticle mass
[note that the structure of the first term in Eq. (3.11)
is universal, i.e., independent of the spacial dimension
D] providing the qualitative correctness of the mean-field
description. The straightforward calculations of averages
yield
〈ψ∗PψP 〉 =
−iνp − ξp
ν2p + E
2
p
, 〈ψ−PψP 〉 = 2∆0p
ν2p + E
2
p
, (3.15)
where E2p = ξ
2
p + 4|∆0p|2. After substitution in the sys-
tem of coupled Eqs. (3.13), (3.14), the Matsubara fre-
quency integration and renormalization of the bare cou-
pling constant g, one obtains
n =
1
2LD
∑
p
{
1− ξp
Ep
}
, (3.16)
g−1F ∆
2
0 +
1
LD
∑
p
{
(∆0p)
2
Ep
− ∆
2
0p
2
Dεp
}
= 0, (3.17)
where ∆0 is assumed to be real-valued. Besides the triv-
ial solution ∆0 = 0, these equations have the non-trivial
one, which manifests the superfluid phase. Furthermore,
they also demonstrate the type of BCS-BEC crossover,
when g−1F tends to zero from opposite sides. The results
of the numerical solution for chemical potential in a few
spacial dimensions are plotted in Figs. 4,5 . For conve-
nience, the coupling constant is parameterized, even in
this ‘attractive’ case, by a positive parameter a as fol-
lows: gF = sign(gF )
(4pi)D/2D/2
Γ(1−D/2)
~2aD
m . The physics behind
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FIG. 4: Dimensionless chemical potential µ/µ0 of the super-
fluid fermions close to unitary. Note that in the crossover
region chemical potential µ changes its sign.
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FIG. 5: Dependence of the order parameter ∆0, which deter-
mines the energy gap (actually pseudo-gap in D > 1) from
the BCS side.
the behavior of µ is very clear. At weak negative cou-
plings, the gap is small, and the chemical potential is
exponentially close to its ideal-gas value. Increase of pFa
(when gF < 0) changes this behavior, particularly, pro-
viding that µ and ∆0pF are the same order magnitude at
unitary. For small and positive gF s the BCS-type pairing
is replaced by the formation of molecules with large bind-
ing energies (this is actually the ‘lower branch’ that was
not discussed in the previous subsection). There is also a
region 0 < (pFa)
−1 < 2, where the bound-states forma-
tion is exhausted by the many-body effects (see Fig. 2)
and may be incorrectly treated by the mean-field approx-
imation adopted here. In order to get more insight into
the properties of the system in this region, one requires to
include the quantum fluctuations. However, the impact
of the beyond-mean-field effects on the superfluid phase
of the considered model is out of scope of the present
study, and together with the proper incorporation of the
Gaussian fluctuations in the ‘upper branch’-like behav-
ior, will be reported elsewhere.
IV. CONCLUDING REMARKS
In summary, we have studied the zero-temperature be-
havior of spinless fermions with minimal local two-body
interactions between particles in the limit of extreme di-
luteness. It is shown that below two spacial dimensions
properties of the system at fixed density are universal,
i.e., controlled by a single parameter a, which deter-
mines width of the two-body vacuum bound state and
plays a role of the s-wave scattering length simultane-
ously. Our results reveal a deep qualitative similarity
between spinless fermions in dimensions below D < 2
and spin-1/2 particles with short-ranged two-body inter-
action in D < 4. Particularly, depending on a sign of the
renormalized coupling constant gF , the phase diagram
of both systems includes the metastable ‘upper branch’-
like behavior and the superfluid state with two different
pairing mechanisms, namely, the Cooper instability and
a formation of the two-atom molecules. We also give
some arguments that at unitary (from the BCS side) our
model is equivalent to the system of bosons with infinite
point-like repulsive two-body potential. This correspon-
dence, which is well-known in 1D, can potentially allow
the exploration of properties of low-dimensional D < 2
strongly-interacting bosons in fermionic language. It is
also interesting to explore the few-body physics of the
considered model. This work is currently in progress,
but even without knowing the exact solution it is under-
stood that the few-particle spectrum should contain the
cluster bound states at ‘repulsive’ couplings.
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